Abstract. In this paper we prove a general method to compactify certain open varieties by adding normal crossing divisors. This is done by showing that blowing up along an arrangement of subvarieties can be carried out. Important examples such as Ulyanov's configuration spaces and complements of arrangements of linear subspaces in projective spaces, etc., are covered. Intersection ring and (nonrecursive) Hodge polynomials are computed. Furthermore, some general structures arising from the blowup process are also described and studied.
Introduction and the main theorems
Throughout the paper, the base field is assumed to be algebraically closed. Let S be a partially ordered set (poset). The rank of s ∈ S is the maximum of the lengths of all the chains that end up at s. A minimal element is of rank 0. The rank of S is the maximum of the lengths of all chains. Let S ≤r be the subposet of elements of rank ≤ r. All posets in this paper are partially ordered by inclusion unless otherwise stated.
Two smooth closed subvarieties U and V of a smooth variety W are said to intersect cleanly if the scheme-theoretic intersection U ∩V is smooth and T (U ∩V ) = T (U ) ∩ T (V ) for their tangent spaces. This work naturally extends the previous works of Fulton-MacPherson ( [1] ), MacPherson-Procesi ( [6] ) and Ulyanov ([7] ). Our main theorem was especially inspired by Ulyanov's paper ( [7] ).
Any collection of (affine) linear subspaces {H i } in P n (or C n ) induces a simple arrangement of smooth subvarieties by taking all possible nonempty intersections (subspace arrangement). Theorem 1.1 applies to such a situation. A smooth curve of higher degree and a general line in P 2 ⊂ P n (n > 2) necessarily meet in several distinct points. Hence it is useful to include as well nonsimple arrangements of subvarieties.
More sophisticated and important examples are needed to situate Theorem 1.1 in particular cases, followed by stating certain general structures arising from the construction of the blowup Bl D X.
• Configuration spaces. Consider X n . Let ∆ ij be the subset of all points whose i-th and j-th coordinates coincide. Let ∆ be the set of all possible intersections of ∆ ij . ∆ satisfies the arrangement conditions. We will call ∆ the diagonal arrangement. [7] ). Bl ∆ (X n ) is a symmetric 1 smooth projective compactification of X n \ ∆ by adding smooth divisors with normal crossings.
Corollary 1.3 (Ulyanov

Ulyanov also proved that
is not an instance of blowups along arrangement of subvarieties (cf. Definition 1.2).
• Space of holomorphic maps. Let N d (P n ) be the space of (n+1)-tuples (f 0 , . . . , f n ) modulo homothety where f i are homogeneous polynomials of degree d in two variables and
where σ j are homogeneous polynomials of degree d 0 and {[a j , b j ]} j are unordered points in P 1 . The collection N = {N π,d0 } is however not an arrangement of smooth subvarieties in N d , thanks to an important observation by Sean Keel who saved me from embarrassment. For, some strata N π,d0 may have singularities along lower strata. But the minimal ones are smooth so that the first step of the iterated blowups can be carried out. The hope is that after the first step, the singularieties of the strata on the second level are resolved and get separated so that the next step of the iterated blowups can also be carried out. It calls for further investigation to see if the process can indeed be executed step by step to obtain a good compactification
• GIT. Theorem 1.1 coupled with a compatible group action yields an instance of Theorem 1.1 in Geometric Invariant Theory. Roughly, it says that blowing up along an arrangement descends to blowing up of any GIT quotient along an induced arrangement. As a particular case, we recover Kirwan's partial desingularization of singular GIT quotients. See Corollary 7.3 in §7.
We now return to the general situation.
• Proper transforms and exceptional divisors. Of useful computational value is that in each stage of the blowups, Bl D ≤r X → X, the proper transforms of D i and exceptional divisors are special instances of Theorem 1.1 and all are concisely described using posets induced from D.
Theorem 1.4 (Proper transforms). Let D r+1 be the set of proper transforms in
where D <Di denotes the subposet of the elements less than D i , and 
≤0
Bl D ≤0 X.
Corollary 1.6. The intermediate blowup
is an instance of the theorem when the arrangement of subvarieties is the subarrangement D ≤r . In particular,
Note that by (1) , 
where T i corresponds to 2 D i and I is the ideal generated by Let e(W ) (P(W )) be the Hodge (Poincaré) polynomial in two (resp. one) variables u and v (resp. t) of a smooth projective variety W . e(X n ) = e(X) n +
e(X)
Take n + 2 points of P n in general linear position. They span n+2 2
hyperplanes. Let H n be the induced simple arrangement. Then Bl Hn P n is isomorphic to M 0,n+3 . This example is due to Kapranov. The index set of H n is the set of all subsets S of [n + 2] such that 1 ≤ |S| ≤ n.
Keel computed these numbers, and furthermore he also computed the intersection ring ( [4] ).
Finally, it needs to be pointed out that the general procedure of blowing up along arrangements can be extended to some singular cases as well. This may be necessary in certain applications (see § §6 and 7).
The paper is structured as follows. §2 provides proofs of the statements in this introduction on the structures of the blowup along arrangement Bl D X, the exceptional divisors E I learned from Professor Fulton that Dylan Thurston (while still an undergraduate at Harvard) noticed several years ago that X[n] could be constructed by a sequence of symmetric blowups -but one has to blow up along ideal sheaves. The point is that one can blow up along two smooth subvarieties that meet excessively in a smooth subvariety without first blowing up the small variety.
I wonder if X[n] is the minimal symmetric compactification of the configuration space X n \ ∆ by adding normal crossing divisors. I thank Fulton and MacPherson for their powerful original inspiring work [1] . This paper is dedicated to them. Proof. All follow from standard arguments.
Lemma 2.2 (Flag Blowup
Lemma; [1] and [7] ). Let
flag of smooth subvarieties in a smooth algebraic variety
Proof. See [7] .
Proof of Theorem 1.1. Without the awkward but routine verification of the inductive proof, the construction goes quite transparently by the clarification as follows.
First, Bl D ≤0 X → X is the blow up of X along the disjoint smooth subvarieties of D i of rank 0.
Let D 
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is an arrangement of subvarieties in Bl D ≤0 X. Moreover,
. This makes the next step possible, which is essentially a repetition of the first step:
The same reasoning as above shows that
The above can be repeated until the subvarieties in the rank 0 poset D k are blown up. That is, the resulting variety from the last step is the iterated blowup along smooth disjoint centers We now draw an easy consequence. Let γ be a chain
We allow γ = ∅ and define S ∅ := X; hence S (1) and (2) will be proved simultaneously by using induction on r.
When r = 0 (the case for D 1 ), the proof is contained in the proof of Theorem 1.1.
Assume that statements (1) and (2) 
).
Now observe that
Hence, by Theorem 1.1 (or its proof), 
Proof. We will prove the following statement by induction. 
This finishes the inductive proof. The statement of the theorem is the case when r = rank(D).
Intersection ring of Bl D
For any inclusion U → W of a smooth closed subvariety U in a smooth variety W , J U/W denotes the kernel of where T i corresponds to the exceptional divisor U i for U i and I is the ideal generated by
Proof. When m = 1, this is Theorem 1, Appendix of [4] . Assume the statement is true for m = r. Consider the blowup 
Proof. This is basically Lemma 6.2 of [1] except that U and V meet cleanly instead of transversally.
and the verification used in [1] , where p is the restriction to Bl Z U of the map Bl Z W → W . 
Proof. (1) and (2) 
Proof of Theorem 1.8. First, we fix some notation. Let D =r := {D r,1 , . . . , D r,lr } be the subset of rank r elements of the arrangement D.
We now prove the corresponding statement for Bl D ≤r X by using induction on r.
When r = 0, this follows directly from Lemma 4. 
Here T m,j corresponds to the exceptional divisor E 
where T r+1,i corresponds to the exceptional divisor E r+2 r+1,i for D r+1,i of rank r + 1 and I r+1 is generated by
This is because by using Lemma 4.2 (1) and (2) repeatedly
For (3), we have by Lemma 4.3 (2) and (3) 
From the blowup
and the descriptions of the proper transforms of D i (i.e., Theorem 1.4), we have
By the inductive assumption,
where each D ij is of rank ≤ k − 1, and
The formula in Theorem 1.9 then follows from a direct computation from here. Note that the convention D ir+1 := X in the index of summation is a manipulation to make the formula uniform and concise. When uv is substituted by t 2 , the essentially same proof yields the formula for Poincaré polynomials.
Proofs of Corollaries 1.10-1.13. Corollary 1.10 is immediate from Theorem 1.9. Corollary 1.11 follows from Theorem 1.9 but needs a little manipulation of indexes to absorb the extra term e(P n ) into the summation as indexed by "∅ < X". The index "∅ < H i1 " is used the same way for the factor e(H i1 ). Corollary 1.12 follows directly from 1.11. The convention |S ir+1 | := n + 1 in the index is for a unified look of the factors in the product. (Note that a recursive formula for the Betti numbers of M 0,n was calculated by Keel via a different sequence of blowups [4] .) Corollary 1.13 is a special case of Theorem 1.9. A similar manipulation of indexes as for Corollary 1.11 is used. 
Hence it is reduced to (2) . As a poset, one can check the following partial relation: N d0,τ > N d 0 ,τ if one of the following holds:
(
Unfortunately, it can be checked that N d0,τ may in general have singularities along lower strata.
The poset N has the smallest element N 0,0 d . This is a smooth subvariety in
The strata of rank 2 have singularities along this subvariety, in general. However, it is possible that after blowing up N 0,0 d , the singularities of the strata of rank 2 get resolved and their proper transforms become separated so that the blowups along these proper transforms can be carried out. Of course, the proper transforms of the strata on level 3 may still have singularities along the proper transforms of the strata of level 2; the hope is that after blowing up the proper transform of the strata of level 2, they too get resolved and become separated so that the process can be carried on.
This requires an intensive analysis of singularities of the strata and the effects of blowups on them. But the problem seems very interesting and of independent value, and calls for immediate investigation.
If the above turns out to be true, then one can still compute the Hodge numbers. For a partition τ , let ρ(τ ) be the number of integers in the partition. Then the same method applied earlier would give that the polynomials e(Bl N N d (P n )) and P(Bl N N d (P n )) are given respectively by Note that the blowup p G is not covered by Theorem 1.1 due to the presence of singularities. But the blowing up procedure and the reason that it can be carried out is essentially the same, as indicated in the above proof.
When D = R, we recover Kirwan's partial desingularization of X ss //G ( [5] ).
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